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Cross-Hatching as an Aeroviscoelastic
Problem

EARL H. DOWELL*
Princeton University, Princeton, NJ.

ROBSTEIN and Gold1 have recently given an analysis of the
x henomena of "cross-hatching," i.e., the formation of

diamond-shaped patterns on the surface of bodies exposed to a
supersonic flow. In their theoretical model, the cross-hatching
results from the instability of a coupled fluid-(viscoelastic) solid
interaction, hence one might term it an "aeroviscoelastic"
problem. Whatever one calls it, the considerable experience
developed in the field of aeroelasticity may be used to gain
further insight into their model and its possible relevance to
cross-hatching. In particular, we shall use the methods and to
some extent the results of Ref. 2 and references cited therein to
assess the Probstein-Gold model.

Analysis of Probstein-Gold Model
An inviscid, potential flow model is employed where the

perturbation pressure p' satisfies (the notation is that of Ref. 1)
(1 - M2) d2p'/dx2 + d2p'/dy2 = (M2/U2) (d/df) (dp'/dt + 2U dp'/dx)

(1)
The boundary condition at the fluid-solid interface is

p(D2d/Dt2)=-dp'/dy\y = 0 (2)
where d is the vertical solid displacement. The equation of
motion of the viscoelastic solid is taken to be

i (D/Dt) dd/dx = KP' - dd/dx (3)
We examine traveling wave solutions which assumes the finite
dimensions of the solid are, in some sense, unimportant.
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Assume
0 = $ eic:

From Eq. (1)

The two independent solutions are
p = ̂ a M2(l + ico/Uia)2-l H2y ^

We shall select the minus sign to satisfy the Sommerfeld
condition. (This point is actually more subtle, see Ref. 2 and
references cited therein.) From Eq. (2)

p(ico + Uia)2 S — — Sp/dy\0

From Eq. (3)

(5)

(6)
This is the eigenvalue equation to determine the permissible

values of co. Equation (6) is not given explicitly in Ref. 1, but
presumably was obtained by Probstein-Gold.

At this point the authors of Ref. 1 assumed the instability
was a static one (presumably based upon experimental observa-
tions) and assumed consequently that co was a purely imaginary
number. They then sought solutions of maximum growth rate as
a function of the problem parameters from Eq. (6) or their
equivalent of same. We shall return to their approach later but
for the moment shall pursue a different approach.

Introduce nondimensional variables and parameters as
follows:

Combining the above two equations
p(ico + Uioi)2Kp/ia\j(io} + £/ia) +1] = — dp/dy\y=0

Using Eq. (4) in Eq. (5) and cancelling out common factors

Q = iw/t/ia, = fi*, pU2K = A*

-111/2

From Eq. (6)

Hence, we see that

Further define

e = e*/M
then Eq. (7) may be written even more compactly

E = M2/[isX + 1] = (X2 - 1)1/2 = F
and hence, X = X(k, e).

(7)

/I =

(8)

Fig. 1 Graphical solution to eigenvalue equation.
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Special Case: e = 0 [A Purely Elastic Material with No Dissipation
(Damping)]

For this type of equation it is known2'3 that the eigenvalues
are purely real until they coalesce at some critical value of A,
say /I = Ay. For A > kf the eigenvalues become complex and at
least one eigenfrequency or pole is unstable.

At the coalescence condition (i.e., the flutter condition)
E = F; dE/dX = dF/dX (9)

From the preceding one may determine that
^ = 1 and Xf

2 = 2
Hence,

A/* = M2/2 (10)
and

nf = W2/M-i (ii)
Note there is no preferred wavelength or wavenumber for the
instability as a appears in Q/ but not in A/*, i.e., no
particular choice of a minimizes A/*. Also it is seen that at
M2 = 2 the instability is a static one, Q , = 0. For M2 > 2 the
waves travel downstream and for M2 < 2 they travel upstream.
To make these results clearer, in Fig. 1 we present graphs of
E(X), F(X).

It is seen that as A-*0, there are two (four) frequencies,
X — -hi, -f oo(— 1, — oo ). As A increases these two frequencies
come together. For A > ^ the frequencies are complex (no
solutions for real X are possible) and the material is dynamically
unstable (flutters).

Note: \X\ > 1 and X2 = 2 in particular means that flow is
always effectively supersonic. Hence, the previous choice of aero-
dynamic branch in Eq. (4) is justified.

Now let us consider the viscous nature of the material. Since
8 is apt to be small we use a convenient method which takes
advantage of this fact.

Let
order &)

Perturbation Analysis for Small e
= XQ + X1s, then from Eq. (8) (retaining terms to

-...) (12)

(13)
(14)

Equating coefficients of same order

STABLE POLE
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Fig. 3 Comparison of
two analyses.

O.I 0.2 0.3

Dividing Eq. (14) by Eq. (13, and rearranging, one obtains

Note that X0 = X0(A); also X0
2 > 1 for all A ̂  f . However, X0

2

can be greater or less than 2. For the pole which is
X0 = + oo(— oo) at A = 0, X0

2 is always greater than 2 up until
= ^. Conversely, for the pole which begins at X0 = +!(—!),

is always less than 2 up until A = \. Recall thatX0
2

p,

Fig. 2 Root loci.

Thus, X0
2 < 2 represents a growing motion and X0

2 > 2 a
decaying one. Hence, any pole is always stable or unstable with
no nontrivial neutrally stable solutions possible for A > 0 and
& > 0. For A <^ \ and X0-> +l,oo the stable pole is highly
damped and the unstable pole is only mildly unstable. However,
strictly speaking, the model is always unstable for /I > 0 and
e>0 .

In Fig. 2 root loci of the poles are plotted. Note that the
small g expansion breaks down as A.-*^, X0

2 -> 2 indicating
one pole is becoming strongly stable and the other strongly
unstable. It is interesting that the viscosity or dissipation of
the material destabilizes the model. Analogous conclusions have
been reached for similar theoretical models elsewhere3 though
the physical significance of this result is still an open question.

Comparison with Probstein-Gold Results
Recall that in Ref. 1 the authors assumed that the flutter

frequency was zero (based upon experimental observations).
Hence, their approach apparently was to set Q,R = 0, vary Q7
and compute values of e,>l from the equality of real and
imaginary parts of Eq. (7) for various selected M. A particular
example presented in Ref. 1 was M2 = 1.2 For QR = 0,
M2 = 1.2 we find from the present analysis

X0 = M=1.1; ^ = 0.38; and thus, -Xi/i = 0.32
In Fig. 3 results from the present analysis and that of Ref. 1
are compared. It is seen the results are in good agreement for
small Qj and e*. From Eq. (8) we see that we are really
expanding in terms of Xe and therefore X or Q should not
be too large for our expansion to be accurate. A representative
numerical value of s* may be obtained using the data of
Ref. 4 and 5. From Ref. 4
M = 2.55; cf = 0.0026; p = 14.5 poise; 27i/a = A = 0.3 cm

From Ref. 5
G = 4500-9000 psi

and hence, e* ~ 10 ~3. One may also use the preceding informa-
tion to estimate

p f U f
2 - 10 psi
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These estimates are very approximate since we have used the
data of Ref. 4 for a liquid layer and the data of Ref. 5
for Teflon at room temperature. But they should serve as
rough guides. In the aforementioned, we have used the
definitions

Conclusions
In previous work on related problems2 it has been found

that the "practical" stability boundary is generally the strong
instability found at coalescence, in the present example as A -> \.
Moreover the finite dimensions of the problem and the precise
nature of the material elasticity and dissipation have been found
to be important at supersonic conditions6 though less important
at subsonic Mach numbers. This suggests that the present
model may need certain refinements. For example, one or more
of the finite dimensions of the solid may be important or, as
suggested by Nachtsheim,7 the inner solid is really a thin liquid
film which generates its own characteristic scale length.

Also we may take the opportunity to evaluate approxima-
tions to the high-speed gas flow which have been used by some
investigators.7 These are:

Quasi-steady theory (eo/L7a <^ 1)

(4)

(8),.

Piston Theory M(l +co/t/a)
p _ g±ia(M+a>/Ua) (4)

*X2/(ieX + i) = X (8)pf

From Eq. (8)qs, solving for X, one concludes the model is always
stable. From Eq. (8)pt, one obtains

£/l2) for e ^ A
This latter result is a reasonable approximation to the stable
pole as shown in Fig. 2. However, neither of these approxi-
mations will give any useful information concerning the unstable
pole and, therefore, must be considered inadequate for the present
model. Finally we note that Gold, Probstein, and Scullen5 have
recently treated the shear flow velocity profile flow and also
considered alternative surface models. Additional such studies
would appear warranted particularly with regard to characteriz-
ing the surface more accurately. Shear flow effects have also
been treated recently in the context of another though similar
problem.8
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Study of 8-15 km/sec Shock Waves
Using Conventional Shock Tubes
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IT has been demonstrated1 that it is possible to increase the
shock wave velocity, for a given over-all pressure ratio P40,

by dividing this ratio among one or several intermediate
chambers. We have studied and operated a shock tube with one
so-called middle pressure chamber. The velocity gain g of that
tube, compared to the one-diaphragm apparatus, becomes
noticeable when P40 exceeds 105 and when the pressure P1 of the
light gas (H2 or He) in the intermediate chamber has an optimum
value. This gain is approximately 40% when P40 = 107.

The main characteristics of our double diaphragm shock tube
are: the combustion of an O2—H2—He homogeneous mixture
(molar proportions 1-2-7) takes place in the high-pressure
chamber, HP (length L = 0.5 m; diam 0int =150 mm), and
enables conditions there to reach a few kilobars and 2500°K
within a few milliseconds. The middle pressure chamber, MP
(L = 2 m; 0int = 100 mm), is filled up with H2. The low-pressure
chamber, BP(L = 12m; (/>int = 100 mm), is made of stainless steel.
The diaphragm D t which separates HP and MP chambers is
made of stainless steel and scribed on two perpendicular
diameters. The diaphragm D2 between MP and BP chambers is
made of thin mylar. One assumes that it opens instantaneously
and does not disturb the flow. Some experiments with argon
under 0.1 torr show that the shock velocity exceeds 14 km/sec.

shock

a) Continuous writing streak camera 7 m from second diaphragm -
U = 9.4 mm//isec

light

b) Photomultiplier oscillograms: PM are located 9.8 and 10.2 m,
respectively, from second diaphragm U = 400/At = 9.0 mm/jusec, test

time ~ 10/isec
Fig. 1 Shock wave velocity and test time for initial argon pressure
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